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Abstract. The Saffman-Taylor instability occurs when a Stokes fluid is displaced by a less
viscous one in a Hele-Shaw cell. This model is useful to study the secondary oil recovery from
a pororus medum. Since 1960, polymer solutions were used as displacing fluids; moreover, the oil
in a porous reservoir can often be considered a non-Newtonian fluid. Motivated by this fact, in
this paper we study the linear stability of the displacement of two Oldroyd-B fluids in a rectilinear
Hele-Shaw cell, even if the direct relevance for the flow through porous media is not so evident. We
get an approximate formula of the growth rate of perturbations, which depends on the difference
of the Weissenberg numbers of the two fluids. A blow-up of the growth rate appears for a critical
value of this difference. This singularity is in agreement with previous numerical and experimental
results, already reported by several papers concerning the flow of complex fluids in Hele-Shaw cells.
Key words: Hele-Shaw immisible displacement; Oldroyd-B fluids; linear stability; growth rate
formulas.
1 Introduction
A Hele-Shaw cell is a technical device introduced in [16], formed by two parallel plates separated
by a narrow gap. The equations verified by the mean velocities of a Stokes fluid in a Hele-Shaw
cell are similar with the Darcy’s law for flow in a porous medium - see [2], [18]. The interface
between two immiscible Stokes fluids in a Hele-Shaw cell is unstable when the displacing fluid is
less viscous - see Saffman and Taylor [31].
The Hele-Shaw model can be used to study the secondary oil recovery. Since 1960, good results
were obtained by using a polymer solution as ”forerunner” in the oil recovery process - see [12]
and the references therein. The oil can often be considered a non-Newtonian fluid, so it is useful
to study the stability of the non-Newtonian displacements in Hele-Shaw cells.
The non-Newtonian fluids are studied in a large number of papers - see [4], [11], [13], [23],
[29], [32], [33]. This fluids exhibit at least two characteristics not present in Newtonian case: shear-
thinning and elasticity. Two important constitutive models exists in order to describe these effects.
The Ostwald-de Waele power-law fluid shows shear-thinning but is inelastic. The Oldroyd-B model
exhibits elasticity but not shear-thinning.
Important results about the stability of non-Newtonian displacements in Hele-Shaw cells were
obtained in [1], [3], [9], [20], [21], [30], [35].
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A formula of the growth rate of perturbations was obtained in [35], when a power-law fluid
(with exponent q) is displaced by air in a rectiliniar cell. It is multiplied by q−1/2 as compared with
the Newtonian case, but there is no qualitative change.
In [1] is studied the flow near an arbitrary corner for any power-law fluid. The variational
calculus is used in [3], to investigate the time-dependent injection rate that minimises the Saffman
-Taylor instability, when shear-thinning fluids, slowly gelling or fast gelling polymer solutions are
displacing. In [9] are studied some methods for minimize the fingering phenomenon when an inviscid
fluid displaces a power-law fluid. The problem of bubble contraction in a Hele-Shaw cell is studied
in [20], when the surrounding fluid is of power-law type, related with a small perturbation of the
radially symmetric problem. The stability of the displacement of two power-law fluids in a radial
Hele-Shaw cell has been considered in [21]. The displacement of a high-viscosity power-law fluid by
a low-viscosity Newtonian fluid in a radial Hele-Shaw cell is studied in [30] and a detailed analysis
of the flow is given, concerning the fractal fingering patterns.
Numerical results concerning the displacement of Oldroyd-B and Maxwell upper - convected
fluids by air in rectilinear Hele-Shaw cells are given in [24], [25], [35]. A blow-up of the growth
constant was reported in [35], when the relaxation (time) constant is increasing up to a critical
value. This phenomenon may be related with the fractures observed in the flows of complex fluids
in Hele-Shaw cells - see [26], [27], [36] and the references therein.
In this paper we study the linear instability of the displacement of two Oldroyd-B fluids in a
rectilinear Hele-Shaw cell. We use the same depth-averaged interface conditions as in [31], [35].
The thickness of the narrow gap is much smaller compared with the cell lenght, then we can neglect
some terms in the perturbations equations. The new element is the explicit formula (56) of the
growth rate of perturbations, obtained in terms of (Ci − Di), where Ci, Di are the Weissenberg
numbers of the two fluids. Most numerical methods fail when the Weisenberg numbers are near
1. A blow-up of our growth rate formula (56) appears for some critical values (Ci −Di) = O(1).
Therefore the instability is due to the model.
The paper is organized as follows. In section 2 we describe the Hele-Shaw cell and the consti-
tutive equations of the Oldroyd-B fluids. The basic solution is given in section 3. In section 4 we
get the linear perturbation system. The stability analysis is performed in section 5. A special
Fourier decomposition used in section 5.1 allows us to avoid the unbounded growth of the partial
derivatives of the perturbed velocity near the interface between the two fluids. In section 5.2 we get
the leading order terms of the extra-stress tensor and the amplitude of the velocity perturbations.
In section 6 we obtain the growth rate formula. In section 7 we give new rezults on the effects of
superficial tension in the stability of the displacement process. Some dispersion curves are plotted,
in good agreement with previous numerical results. We conclude in section 8. The calculations
and complex formulas required for exposure are detailed in Appendix 1-3.
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2 The Oldroyd-B fluids
We consider two incompressible immisicble Oldroyd-B fluids in a Hele-Shaw cell parallel with the
xOy plane. The cell plates are separated by a gap of thickness b. The cell length is denoted by l
and we use the small parameter
 = b/l << 1. (1)
The fluid 1 is displacing the fluid 2 in the positive direction of the Ox axis. Across the sharp
interface bewteen the fluids, the jump of the averaged normal stress should equal the surface
tension times the curvature of averaged interface and the normal velocity should be continuous
(the ”depth-averaged” Laplace’s law). The no-slip conditions are imposed on the cell plates.
The velocities, the pressures, the viscosities and the extra - stress tensors for both fluids i = 1, 2
are denoted by
ui = (ui, vi, wi), pi, µi, τ
i.
The stress Σi and the strain-rate Si are given by
Σi = piI− τ i,
Si = (Vi + ViT)/2,
Vi = ∇ui,
where I is the unit tensor and ∇ is the gradient operator.
We have the following flow equations, divergence-free condition and constitutive relations, with
ci > di ≥ 0, i = 1, 2:
−∇pi +∇ · τ i = 0,
uix + v
i
y + w
i
z = 0, (2)
τ1 + c1τ
1∇ = 2µ1(S1 + d1S1∇); (3)
τ2 + c2τ
2∇ = 2µ2(S2 + d2S2∇). (4)
Here (c1, d1), (c2, d2) are the relaxation and the retardation (time) constants of the fluids. The lower
indexes x, y, z are denoting the partial derivatives; τ
i∇, Si∇ are the upper convected derivatives.
We consider a steady flow, then
τ i∇ = ui · ∇τ i − (Viτ i + τ iViT ),
Si∇ = ui · ∇Si − (ViSi + SiViT ). (5)
3
3 The basic flow
We study the linear stability of the following basic flow, denoted by the super index 0i, i = 1, 2:
∇p0i = (p0ix (x), 0, 0), u0i = (u0i(z), 0, 0),
V0i13 = u
0i
z , V
0i
mn = 0, (mn) 6= (13),
S0i = (V0i + V0iT )/2. (6)
The basic extra-stress tensor τ0i (depending only on z) is given by the equations (74) - (76) in
Appendix 1 and it follows (see also [35]):
τ0i11 = 2µi(ci − di)(u0iz )2; (7)
τ0i13 = µiu
0i
z ; τ
0i
mn = 0, (mn) 6= (11), (13). (8)
Therefore we obtain the following basic flow equations
p0ix = τ
0i
11,x + τ
0i
12,y + τ
0i
13,z = τ
0i
13,z,
p0iy = p
0i
z = 0. (9)
From the relation (9)1 we get
p0ix = τ
0i
13,z = Gi = µiu
0i
zz (10)
where Gi are two negative constants. We suppose u
0i = 0 for z = 0, z = b, then we obtain
u0i = (Gi/2µi)z(z − b), i = 1, 2. (11)
The normal velocity must be continuous across the interface. Our basic velocity has only the
normal component, then u01 = u02 and we have the important relation
G1
µ1
=
G2
µ2
. (12)
The basic flow velocity u0 is given by
u0 := u0i = (Gi/2µi)z(z − b), i = 1, 2. (13)
We define the average operator
< h >= (1/b)
∫ b
0
h(z)dz (14)
and we introduce the characteristic velocity U :
U =< u0 >= − b
2
12µi
Gi, Gi = −12Uµi
b2
. (15)
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The relation (15) is similar with the Darcy’s law for a porous medium with permeability −b2/12.
We consider the following basic interface between the displacing fluids
x = Ut, (16)
where t is time and we introduce the moving reference
x = x− Ut. (17)
Then the basic (material) steady interface becomes
x = x0 := 0. (18)
In the following we still use the notation x instead of x.
It is noteworthy that in [35] is considered the planar interface x = Ut, by using the relation
(15). In [25], after the formula (10), it is specified that “since b is much smaller than any lateral
lengthscale in a Hele-Shaw device, then any z dependence of the basic interface is not relevant”.
The flow is due to the pressure gradients. The pressures contain two unknown constants, used
latter in order to obtain the Laplace’s law for perturbations.
4 The perturbations system
The linear perturbations of the basic solution (6) are denoted by
ui, vi, wi, pi,Vi,Si, τ i, i = 1, 2.
We assume ui = vi = wi = 0 for z = 0, z = b. The perturbation of the basic interface (18) is
denoted by ψ(y, z, t) and we have
ψt = u
1|x0 = u2|x0 . (19)
The basic velocities verify the divergence-free relation. In the frame of linear perturbations we
obtain uix + v
i
y + w
i
z = 0. We use the average operator (14) and get
< uix + v
i
y >= 0.
This condition is verified if uix + v
i
y = 0, from which we get w
i
z = 0. In this paper we consider
uix + v
i
y = 0, w
i = 0. (20)
The following relations (21) - (26) are concerning both fluids 1 and 2, then we omit the super
index i. We introduce the small perturbations in (3)-(5) and obtain
τ0 + τ + θ(τ0 + τ)∇ =
5
2µ[S0 + S + η(S0 + S)∇], (21)
(τ0 + τ)∇ = u0τx − [V0τ0 + τ0V0T ]−
[V0τ + Vτ0 + τ0VT + τV0T ], (22)
(S0 + S)∇ = u0Sx − [V0S0 + S0V0T ]−
[V0S + VS0 + S0VT + SV0T ] (23)
where µ, θ, η verify the relations
µ = µ1 for x < x0; µ = µ2 for x > x0; (24)
θ =
{
c1, x < x0
c2, x > x0
; η =
{
d1, x < x0
d2, x > x0
. (25)
In the frame of the linear stability (by neglecting the second order terms in perturbations) it follows
τ + θ(u0τx −E) = µ{2S + η(u02Sx − F)}, (26)
where the tensors E,F,S are given in Appendix 2 - see the relations (77)-(79).
The perturbed normal stresses in both fluids are given by (see [29], [5])
T i11 = p
0i + pi − (τ0i11 + τ i11).
We search for the limit values T−11 = lim x<x0, x→x0 T
1
11 and T
+
11 = lim x>x0, x→x0 T
2
11.
The basic pressure is not depending on z, then we have the following first order expansion near
the basic interface x0:
p0i(x0 + ψ) = p
0i(x0+ < ψ >) =
p0i(x0) + p
0i
x (x0) < ψ >= p
0i(x0) +Gi < ψ > . (27)
Recall (19), then ψ is continuous across the interface x = x0 and we get
T−11 = p
01(x0) +G1 < ψ > +p
1 − (τ0111 + τ111),
T+11 = p
02(x0) +G2 < ψ > +p
2 − (τ0211 + τ211). (28)
The depth-averaged dynamic Laplace’s law (near the basic interface x = x0) is
< T+11 − T−11 >= γ× < interface curvature >
where γ is the surface tension. From (27), (28) it follows
p02(x0) +G2 < ψ > +< p
2 − τ0211 + τ211 > −
{p01(x0) +G1 < ψ > +< p1 − τ0111 + τ111 >} =
6
γ(x0) < x0yy + x0zz + ψyy + ψzz >, (29)
where the curvature of ψ is approximated by (ψyy + ψzz). The basic normal stress verify the
Laplace’s law on the basic interface x = x0, so we should have the relationship
(p02− < τ0211 >)|x0 − (p01− < τ0111 >)|x0 =
γ(x0) < x0yy + x0zz >= 0. (30)
Only the basic pressures gradients are given, then the basic pressures contain two additive constants.
As in [35] (where the displacing fluid is air), for appropriate values of these constants we get the
above relation - see also the last two lines of section (4). Therefore the relations (29)-(30) are
giving us the Laplace’s law for perturbations:
(G2 −G1) < ψ > +< p2 − τ211 > − < p1 − τ111 >
= γ(x0) < ψyy + ψzz > . (31)
5 Linear stability analysis
5.1 Fourier decomposition
We consider the following expansions of the velocity perturbations, with k ≥ 0, α > 0 :
u1 = f(z)E1 cos(ky),
v1 = −f(z)E1 sin(ky), x < x0; (32)
u2 = f(z)E2 cos(ky),
v2 = f(z)E2 sin(ky), x > x0; (33)
f(z) = βu0(z), β = O(2); (34)
E1 = exp(−kα+ kx+ σt), x ≤ x0;
E2 = exp(−kα− kx+ σt), x ≥ x0. (35)
The dimension of α is length. On x0 we have
u1 = u2, v1− 6= v2+,
v1y = −kfE1|x0 cos(ky),
v2y = kfE2|x0 cos(ky), (36)
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where −,+ are the lateral limits values. The perturbations decay to zero far from the interface
x = x0 and u
i
x + v
i
y = 0 in both fluids. If α 6= 0, then ux, uy, vx, vy near x0 are bounded in terms
of k. We justify the form of the amplitude f in section 5.2.
The perturbation of the basic interface was denoted by ψ(x, y, z, t) - see (19). The Fourier
decomposition (32)-(35) gives us ψ = u/σ and from (31) it follows
σ =
γ < uyy + uzz > +(G1 −G2) < u >
< p2 − τ211 > − < p1 − τ111 >
(37)
where u = u1(x = 0) = u2(x = 0). We have to obtain < pi − τ i11 > as a functions of basic and
perturbed velocities. In this paper we use the following dimensionless quantities, denoted by ′ :
x′ = x/l, y′ = y/l, z′ = z/b,
u
′i = ui/U, v
′i = vi/U,
p
′i = p(l/µiU), γ
′ = γ/(µ1U), µ0 = µ2/µ1,
α′ = α/l, k′ = kl, σ′ = σ/(U/l), t′ = t(U/l).
{(τ i11)′, (τ i12)′, (τ i22)′} = {τ i11, τ i12, τ i22}(l/µiU),
{(τ i13)′, (τ i23)′, (τ i33)′} = {τ i13, τ i23, τ i33}(b/µiU),
Ci = ciU/b, Di = diU/b. (38)
Here Ci, Di are the Weissenberg numbers. We consider that Ci, Di, exp(σ
′t′) are of order O(1).
5.2 Leading order terms for τ, p
In this subsection we use only the dimensionless quantities, but we omit the ′. We obtain approxi-
mate formulas of τij , pz, px, py in terms of u
0, u, v.
The leading order expressions for all components of τ are given in Appendix 3. For both fluids
(i = 1, 2) we have
τ i33 = 0, τ
i
31 = u
i
z, τ
i
32 = v
i
z, (39)
τ i12,y = (u
i
y + v
i
x)y + 2(Ci −Di)u0zvizy/, (40)
τ i11,x = 2u
i
xx + 4(Ci −Di)u0zuizx/. (41)
We get piz, p
i
x by using the flow equations and the divergence-free condition:
piz = τ
i
31,x + τ
i
32,y = u
i
zx + v
i
zy = 0; (42)
pix = τ
i
11,x + τ
1
12,y + τ
i
13,z/
2 =
2uixx + 4(Ci −Di)u0zuizx/+
8
(uiy + v
i
x)y + 2(Ci −Di)u0zvizy/+ uizz/2. (43)
We also have uizx + v
i
zy = 0, u
i
xx + v
i
xy = 0, u
i
xx + u
i
yy = 0 and from (43) it follows
pix = 2(Ci −Di)u0zuizx/+ uizz/2. (44)
On the same way we get
piy = 2(Ci −Di)u0zvizx/+ vizz/2. (45)
As uizxx + v
i
zxy = 0, u
i
zzx + v
i
zzy = 0, from (44) - (45) we obtain
pixx + p
i
yy = 0. (46)
The form of the amplitude f is justified as follows. From (42), (44) we should have
p1xz = 2(C1 −D1)(u0zu1zx)z/+ u1zzz/2 = 0. (47)
We prove that p1xz = O(). For this, we recall β = O(
2) and we use the inequality
maxk{u1x} ≤ maxk{k exp(−kα+ kx)} ≤
maxk{k exp(−kα)} = 1/(αe),
which holds for x < 0 and k > 0. Then
(u0zu
1
zx)z/ = βO(1)/ = O(), (C1 −D1)(u0zu1zx)z/ = O().
The decomposition (32)-(35) is giving us u1zzz = 0. Then f(z) = βu
0(z) verifies (47) with the
precision order O(), if α is large enough.
6 The growth rate formula
In this section we use both dimensional and dimensionless quantities (the last are denoted by
′
)
and obtain the growth-rate formula. The flow equations ad the decomposition (32)-(35) give us
p1 − τ111 =
1
k
(τ112,y + τ
1
13,z), x < x0;
p2 − τ211 =
−1
k
(τ212,y + τ
2
13,z), x > x0. (48)
The dimensional forms of the equations (88), (99) in Appendix 3 are
τ i12,y = µi[(u
i
y + v
i
x)y + 2(ci − di)u0zvizy],
τ i13 = µiu
i
z, τ
i
23 = µiv
i
z, τ
i
33 = 0. (49)
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The relations (32), (33), (36) and (48) - (49) give us
(u1y + v
1
x)y = −2k2f(z)E1 cos(ky);
(u2y + v
2
x)y = −2k2f(z)E2 cos(ky);
p1 − τ111 =
1
k
µ1[(u
1
y + v
1
x)y + 2(c1 − d1)u0zv1zy + u1zz] =
1
k
µ1[−2k2f−2k(c1 − d1)u0fz + fzz]E1 cos(ky); (50)
p2 − τ211 =
−1
k
µ2[(u
2
y + v
2
x)y + 2(c2 − d2)u0zv2zy + u2zz] =
−1
k
µ2[−2k2f + 2k(c2 − d2)u0fz + fzz]E2 cos(ky). (51)
We use (31), (50), (51) and we get
(G2 −G1)< u
0 >
σ
− γ
σ
< −k2u0 + u0zz > +
−1
k
< −2k2u0M + 2kN(u0z)2 + u0zzM >= 0,
M = (µ2 + µ1), M
′ = (µ0 + 1),
N = µ2(c2 − d2)− µ1(c1 − d1),
N ′ = µ0(C2 −D2)− (C1 −D1). (52)
From (11) - (15) we obtain the following averages
< u0 >= U,
< (u0z)
2 >= 12U2/b2,
< u0zz >= −12U/b2,
then (52)1 leads us to:
σ =
Uk(µ2 − µ1)− γ(k3b2/12 + k)
Mk2b2/6− 2kNU +M . (53)
Let Ca = (µ2 − µ1)U/γ be the capillary number, then the relation (53) becomes
σ =
Uk(µ2 − µ1)(1− Ca−1)− γ(k3b2/12)
Mk2b2/6− 2kNU +M . (54)
The dimensional Saffman-Taylor formula is
σST =
Uk(µ2 − µ1)− γ(k3b2/12)
M
. (55)
When Ca >> 1 we have the same numerators in (54) and (55); only the denominator of (54)
contains the two new terms (Mk2b2/6− 2kNU) instead of M .
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From (38), (52), (53) and (55) we get the dimensionless expressions
σ′ =
k′(µ0 − 1)− γ′(k′32/12 + k′)
k′2M ′2/6− 2k′N ′+M ′ , (56)
σ′ST =
k′(µ0 − 1)− γ′(k′32/12)
M ′
. (57)
Remark 1. We have
< ψ >= < u > /σ =
1
σ
< f(z) > exp(−kα+−kx+ σt) cos(ky). (58)
Then, near the basic interface, p0i given by (27) is depending on y. But our basic pressures must
depend only on x - see (9). We can partially overcome this inconsistency by using the parameter
α. For this, we estimate the partial derivative of the perturbed interface with respect to y. As we
mentioned at the end of section 5.1, we consider exp(σ′t′) = O(1). Then we have
< ψ >y≤ 1
σ
f(z)F (k),
F (k) := k exp(−kα) ≤ 1
αe
.
A large enough α is giving us an arbitrary small p0iy . If α = 0 in the decomposition (32)-(35), then
for x→ 0 and k →∞ we get < ψ >y, |ux|, |uy|, |vx|, |vy| → ∞. 
Remark 2. Our model can describe the displacement of an Oldroyd-B fluid by air. For this, we
consider (12) in the form G1 = µ1G2/µ2. As the displacing fluid is air, then µ1 ≈ 0 and from (12),
(48), (49) we get
G1 = 0, p
1 − τ111 = 0.
In this case the Laplace’s law (31) becomes
G2 < ψ > + < p
2 − τ211 >= γ(x0) < ψyy + ψzz > . (59)
This form of the Laplace’s law (by neglecting the meniscus curvature ψzz) was used in [35], based
on the additional hypothesis
p02 = G2(x− Ut), x > x0,
which in fact it’s not necessary. If µ1 = 0, c1 = d1 = 0 then the formula (53) becomes
σ =
Ukµ2 − γ(k3b2/12 + k)
µ2[k2b2/6 + 1]− 2kµ2(c2 − d2)U . (60)
In (38)3 we put γ
′ = γ/(µ2U) instead of γ′ = γ/(µ1U). Moreover, µ0 = 1. Then we get the
dimensionless growth rate
σ′AIR =
k′ − γ′(k′32/12 + k′)
k′22/6− 2k′(C2 −D2)+ 1 . (61)
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The dimensionless Saffman-Taylor formula is
σ′ST−AIR = k
′ − γ′k′32/12. (62)

7 Discussions and results
A. We consider Ci = Di = 0, or Ci = Di, i = 1, 2 or (C1 − D1) = µ0(C2 − D2). Then the
growth constant (56) becomes
σ′ =
k′(µ0 − 1)− γ′(k′32/12 + k′)
(µ0 + 1)[k′22/6 + 1]
, (63)
therefore σ′ < σ′ST . Two new terms appear in (63), compared with the formula (57):
i) (µ0 + 1)k
′22/6 in the denominator; ii) −k′γ′ in the numerator.
The dispersion curves are given in Figure 1. The new terms in the formula (63) appear from two
reasons:
a) we not neglected ux, vx, uy, vy in front of uz, vz;
b) we used the total curvature of the perturbed interface in the Laplace law (31).
As a consequence, we obtain the following results:
A1) Even if the surface tension γ′ on the interface is zero, the growth constant is bounded in
terms of the wave number k′. The equation (63) with γ′ = 0 gives us
σ′ = R
k′
(1 + k′22/6)
< R
(1 + δ)
√
3

√
2
, ∀δ > 0,
R =
(µ0 − 1)
(µ0 + 1)
. (64)
Indeed, we have
k′
1 + k′22/6
< B, ∀ k′ ≥ 0
⇔ 1− 2
2
3
B2 < 0⇔ B >
√
3

√
2
.
•
A2) If the surface tension γ′ on the interface is zero, then the growth constant tends to zero for
very large wave numbers k′.
We cite here some results obtained for displacements of immiscible Newtonian fluids with very
small (or zero) surface tensions on the intrerface, in 2D Hele-Shaw cells.In [34] (Introduction) it is
specified that ”One asks whether a non-zero-surface-tension model approximates the zero-surface-
tension one. The answer is negative in the case of a receding fluid (see numerical evidence in [8],
[28]). In the case of injection the answer is supposed to be affirmative but is still unknown”. In
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[19] is given a perturbation theorem for strong polynomial solutions to the zero surface tension
Hele-Shaw equation driven by injection or suction, the so called Polubarinova - Galin equation. In
the case of suction, by using some additional hypothesis, it is proved that the most part of the
fluid will be sucked before the strong solution blows up.
The above results A1) and A2) are in contradiction with the Saffman-Taylor formula (57), where
γ′ = 0 is giving an unbounded growth constant in terms of k′. •
A3) From (63) we get
σ′ <
k′{(µ0 − 1)− γ′}
(µ0 + 1)(1 + k′22/6)
(65)
and it follows
γ′ > µ0 − 1 > 0⇒ σ′ ≤ 0. (66)
The growth constant is negative or zero when the surface tension γ′ is large enough, even if the
displacing fluid is less viscous (that means µ2 > µ1). This is also in contradiction with the Saffman-
Talor criterion derived from (55). This is an important result of our paper: the displacement
stability in a 3D Hele-Shaw cell is decided not only by the ratio of the viscosities of the two fluids,
but also by the surface tension on the interface. When the displacing fluid is less viscous, the
sufficient condition for the almost stability is
γ′ > µ0 − 1. (67)
A quite similar result is given by the formula (19) of [22]: the growth-rate can not be positive for
large enough surface tension. But in our formula (67) we have also the viscosities ratio.
•
A different contradiction of the Saffman and Taylor stability criterion was observed in [6],
[7], [10], [14], [15], [17]. All these papers are related with the displacement of air (then µ2 is
almost zero) by a fluid with surfactant properties in a Hele - Shaw cell with preexisting surfactant
layers on the plates; it is pointed out that a more viscous displacing fluid can give us an unstable
air-fluid interface. The experiments and the numerical results are in good agreement - but also in
a 3D frame. We can consider that our result is a complementary one, compared with the above
experiments with surfactants fluids and Hele-Shaw cells. We proved that for a large enough surface
tension, even if the displacing fluid is less viscous, the interface air-fluid is almost stable. •
B. Consider now the case when at least one of the Weissenberg numbers is not equal to zero
and (C1 −D1) 6= µ0(C2 −D2).
B1) Let (Ci−Di) 6= 0, i = 1, 2. We use the notations (52) and introduce the new quantity ∆:
∆ = (N ′)2 − (M ′)2/6. (68)
In the formula (56) we must avoid the critical value
(N ′cr)
2 = (M ′)2/6. (69)
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The denominator of the growth rate (56) is strictly positive in the range ∆ < 0. As a consequence,
from (56) we get the following instability criterion:
0 < γ′ < (µ0 − 1) and (N ′)2 < (µ0 + 1)2/6⇒
σ′ > 0 for (k′)2 < 12(µ0 − 1− γ′)/(2γ′). (70)
Moreover, when
(N ′)2 ≤ (µ0 + 1)2/6,
the denominator of (56) is close to zero and we get a blow-up of the growth rate. Then a strong
destabilizing effect appears, compared with the case of Newtonian displacing fluids.
We have also
(µ0 − 1) < 0 and (N ′)2 < (µ0 + 1)2/6⇒
σ′ ≤ 0. (71)
B2) If C2 −D2 6= 0 and (C1 −D1) = 0 or C1 = D1 = 0 we have a Stokes displacing fluid. In
this case, with N ′ = [µ0(C2 −D2)] we recover the above results (70) - (71).
•
We consider a Stokes fluid (so C1 = D1 = 0) displacing an Oldroyd-B fluid with the Weissenberg
numbers C2 −D2 6= 0. In Figures 2,3 we compare our dispersion curves (56) and Saffman-Taylor
formula (57), in the case γ′ = 0.1,  = 0.006, for µ0 = 2 and µ0 = 4. The maximum value of σ′
given by (56) is increasing as function of (C2 −D2) until the blow-up appears, for a finite value of
(C2 −D2) which we denote by (C2 −D2)cr. The formula (69) gives us
(C2 −D2)cr = µ0 + 1
µ0
√
6
>
1√
6
, µ0 =
µ2
µ1
. (72)
If the ratio µ0 is increasing, then the critical numbers for which the blow-up of the growth rate
appears is decreasing. For µ0 → ∞ we get (C2 −D2)cr → 1/
√
6. This is natural: if the viscosity
of the displacing fluid is decreasing to zero then the blow-up of σ′ appears ”earlier”, for smaller
values of (C2 −D2)cr.
In Figures 4, 5 are plotted the growth rates (61) when air (then C1 = D1 = µ1 = 0) is displacing
an Oldroyd-B fluid. In Figure 4 we compare (61) and (62) for γ′ = 0.1,  = 0.006. The maximum
value of σ′ is increasing in terms of (C2 −D2) until we get the blow-up of the growth rate for the
critical value
(C2 −D2)cr = 1√
6
. (73)
In Figure 5 are plotted the growth rates (61) when C2 = 0.375 and r = D2/C2, for r= 1, 0.7, 0.5,
0.3, 0.1, 0. The dispersion curves given in Figures 4,5 are quite similar with the numerical results
given in Figures 1, 3 of [35].
14
Figure 1: Dispersion curves (57)(upper) and (63) for γ′ = 0.1,  = 0.006, µ0 = 2
Figure 2: Dispersion curves (56) and (57) for µ0 = 2, γ
′ = 0.1,  = 0.006, C1 = D1 = 0
C2 −D2 = 0.1 (lower), 0.3, 0.4, 0.5, 0.55, 0.58, 0.58, 0.595 (upper)
Figure 3: Dispersion curves (56) and (57) for µ0 = 4, γ
′ = 0.1,  = 0.006, C1 = D1 = 0
C2 −D2 = 0.1 (lower), 0.2, 0.3, 0.35, 0.37, 0.375 (upper)
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Figure 4: Dispersion curves (61) and (62) for γ′ = 0.1,  = 0.006, C1 = D1 = 0
C2 −D2 = 0.1 (lower), 0.2, 0.3, 0.35, 0.37, 0.375 (upper)
Figure 5: Dispersion curves (61) for γ′ = 0.1,  = 0.006, C2 = 0.375, r = D2/C2
r = 1 (lower), 0.7, 0.5, 0.3, 0.1, 0 (upper)
8 Conclusions
In the last decades, some important results were established concerning the linear stability of the
displacement of immiscible non-Newtonian fluids in Hele-Shaw cells.
The displacement of a power-law fluid by air in a rectilinear cell was studied by Wilson [35]
and a formula of the growth rate of perturbations was given, but there is no qualitative change
compared with the Saffman-Taylor result. The case of radial displacements is different and was
studied in subsequent papers; the effect of the interfacial tension was highlighted.
Numerical results were obtained concerning the displacement of an Oldroyd-B fluid by air
in rectilinear cells. A blow-up of the numerical growth rate was reported, in accord with some
experimental results concerning the flow of complex fluids in Hele-Shaw cells. On the other hand,
most numerical methods shows the existence of a critical value of the Weissenberg numbers beyond
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which no discrete solutions can be obtained.
In this paper we study the linear instability of the steady displacement of two Oldroyd-B fluids
in a rectilinear Hele-Shaw cell. We use the Fourier decomposition (34) for the velocities (u, v)
and obtain the formula (56) of the growth rate of disturbances, which presents a blow-up for some
critical values of the Weissenberg numbers.
In the case of two Newtonian displacing fluids, our growth rate is less than the Saffman-Taylor
value, but no qualitative change appears - see Figure 1. We prove that the flow stability is decided
not only by the ratio of the displacing fluids viscosities, but also by the surface tension on the
interface - see the relations (65) - (67). The Saffman - Taylor viscous fingering problem in rectan-
gular geometry is studied in [22], highlighting the link between interface asymmetry and viscosity
contrast. The equation (19) of [22] shows that the growth rates will not become positive if the
surface tension is large enough. This is in agreement with our result A3) in section 7.
In the case of two Oldroyd-B displacing fluids we get the instability criterion (70). A strong
destabilization effect appears, compared with the Newtonian displacements. The dispersion curves
when the displacing fluid is Stokes (or air) are plotted in Figures 2-5. Our analytical results are
quite similar with numerical results already obtained in [35], then the instability is due to the flow
model, at least for the flow geometry considered here.
Appendix 1 - the equations of the basic extra-stress tensors τ0i.
The basic extra-stress tensors in both fluids i = 1, 2 are obtained from (3) - (6):
τ0i − ci(V0iτ0i + τ0iV0iT ) =
2µi{S0i − di(V0iS0i + S0iV0iT )}. (74)
(V0iτ0i + τ0iV0iT )11 = 2u
0i
z τ
0i
31,
(V0iτ0i + τ0iV0iT )12 = u
0
zτ
0i
32,
(V0iτ0i + τ0iV0iT )13 = u
0i
z τ
0i
33,
(V0iτ0i + τ0iV0iT )22 = 0,
(V0iτ0i + τ0iV0iT )23 = 0,
(V0iτ0i + τ0iV0iT )33 = 0. (75)
2(V0iS0i + S0iV0iT )11 = 2(u
0i
z )
2,
2(V0iS0i + S0iV0iT )ij = 0, (ij) 6= (11). (76)
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Appendix 2 - the tensors E, F, S in the formula (26).
E := V0τ + Vτ0 + τ0VT + τV0T ,
E11 = 2(u
0
zτ31 + uxτ
0
11 + τ
0
13uz),
E12 = (u
0
zτ32 + vxτ
0
11 + vzτ
0
13),
E13 = (u
0
zτ33 + uxτ
0
13),
E22 = 0, E23 = τ
0
13vx, E33 = 0. (77)
F := 2[V0S + (V0S)T + VS0 + (VS0)T ],
F11 = 4u
0
zuz, F12 = 2u
0
zvz,
F13 = uxu
0
z,
F22 = F33 = 0, F23 = vxu
0
z. (78)
2S11 = 2ux, 2S12 = (uy + vx),
2S13 = uz, 2S22 = vy,
2S23 = vz, 2S33 = 0. (79)
Appendix 3 - the extra-stress perturbations τ i.
1) We use Di, Ci given in (38). From (26) we get the dimensionless constitutive relations for
τ133, τ
1
32, τ
1
31:
τ133 + C1u
0τ133,x = 0, (80)
τ132 + C1(u
0τ132,x − τ013v1x) =
v1z +D1(u
0v1zx − v1xu0z). (81)
τ131 + C1u
0τ131,x − C1(u0zτ133 + u1xτ013) =
u1z +D1(u
0u1zx − u1xu0z). (82)
At the leading order, from (80) we get
τ133 = 0. (83)
The partial derivatives ux, uy, vx, vy near x = 0 are bounded in terms of k, due to the Fourier
decomposition (32) - (35) with α 6= 0. Moreover, we have
(u0v1zx − v1xu0z) = 0, (u0u1zx − u1xu0z) = 0, (84)
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then from the relations (81) - (84) it follows
τ132 + C1(u
0τ132,x − τ013v1x) = v1z ,
τ131 + C1(u
0τ131,x − τ013u1x) = u1z. (85)
The dimensionless form of (8)1 is τ
0i
13 = u
0i
z , therefore from the last relations it follows
τ132 + C1(u
0τ132,x − u0zv1x) = v1z ,
τ131 + C1(u
0τ131,x − u0zu1x) = u1z. (86)
We use again (84) and relations (86) lead us to
τ132 = v
1
z , τ
1
31 = u
1
z. (87)
In (80) - (87) replace C1, D1 by C2, D2, then for i = 1, 2 we obtain
τ i33 = 0, τ
i
31 = u
i
z, τ
i
32 = v
i
z. (88)
2) The dimensionless form of the relations (26) gives us the component of τ11,x in the fluid 1
(in the formulas (89) - (92) below we omit the upper index 1):
τ11,x + C1u
0τ11,xx−
2C1[u
0
zuzx/+ uxx2(C1 −D1)(u0z)2 + u0zuzx/] =
2uxx + 2D1u
0uxxx− 4D1u0zuzx/. (89)
We suppose
τ11x = 2uxx + 4(C1 −D1)u0zuzx/. (90)
We insert the expression (90) in the equation (89) and get
τ11,x = 2uxx + 4(C1 −D1)u0zuzx/+
2(D1 − C1)u0uxxx+
4C1(C1 −D1)[uxx(u0z)2 − u0u0zuzxx]. (91)
The Fourier decomposition (32) gives us
uxx(u
0
z)
2 − u0u0zuzxx = 0.
Then the formula (90) is verified if we can neglect the term 2(C1−D1)u0uxxx in front of the first
two terms appearing in the equation (91). We recall that ux, uxx, uxxx are bounded with respect
to k, then
uxx = O(
2),
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4(C1 −D1)u0zuzx/ = O(),
2(D1 − C1)u0uxxx = O(3). (92)
We neglect the term of order O(3) in the equation (91) and obtain the approximate formula
τ111x = 2u
1
xx + 4(C1 −D1)u0zu1zx/, (93)
in agreement with the hypothesis (90).
On the same way we get the approximate formula of τ11,x in the second fluid:
τ211x = 2u
2
xx + 4(C2 −D2)u0zu2zx/. (94)
We emphasize that uxx, uyy appear in the approximate curvature of ψ, so they can not be neglected.
3) The dimensionless form of the relations (26) gives us the component of τ12,y in the fluid 1
(in the formulas (95) - (98) below we omit the index 1):
τ12,y + C1u
0τ12,xy−
C1[2u
0
zvzy/+ 2(C1 −D1)vzy(u0z)2] =
(uy + vx)y +D1u
0(uy + vx)xy− 2D1u0zvzy/. (95)
We suppose
τ12,y = (uy + vx)y + 2(C1 −D1)u0zvzy/. (96)
We introduce the expression (96) in (95) and get
τ12,y = (uy + vx)y + 2(C1 −D1)u0zvzy/+
(D1 − C1)u0(uy + vx)xy+
2C1(C1 −D1)[vxy(u0z)2 − u0u0zvzyx]. (97)
The Fourier decomposition (32) gives us
vxy(u
0
z)
2 − u0u0zvzxy = 0.
If Ci, Di = O(1) we get
(uy + vx)y = O(
2),
2(C1 −D1)u0zvzy/ = O(),
(D1 − C1)u0(uy + vx)xy = O(3). (98)
We neglect the term of order O(3) in the equation (97) and get the formula (96). Therefore, for
i = 1, 2, we have
τ i12,y = (u
i
y + v
i
x)y + 2(Ci −Di)u0zvizy/. (99)
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4) The dimensionless constitutive relation for τ122 is
τ122 + C1u
0τ122,x = 2v
1
y +D1u
0vyx (100)
and at the leading order we get
τ i22 = 2v
i
y, i = 1, 2. (101)
References
[1] G. Aronsson G and U. Janfalk, On Hele-Shaw flow of power-law fluids, Eur. J. Appl. Math.
3(1992), 343–66.
[2] J. Bear, Dynamics of Fluids in Porous Media, Elsevier, New York, 1972.
[3] T. H. Beeson-Jones and A. W. Woods, Control of viscous instability by variation of injection
rate in a fluid with time-dependent rheology, J. Fluid Mechanics 829(2017), 214-235.
[4] R. B. Bird, W. E. Stewart, E. N., Transport phenomena, Vol. 1: Fluid Mechanics, John
Wiley and Sons, N Y, 1960.
[5] J. M. Bush, Surface Tension Module, Lect. Notes, MIT, 2013.
[6] C. K. Chan and N. Y. Liang, Observation of surfactant driven instability in a hele-Shaw cell,
Phys. Rev. Lett. 79(1997), 4381-4384.
[7] C. K. Chan, Surfactant wetting layer driven instability in a Hele-Shaw cell, Physica A,
288(2000), 315-325.
[8] H. G. Ceniceros, T. Y. Hou and H. Si, Numerical study of HeleShaw flow with suction, Phys.
Fluids 11 (1999), 24712486.
[9] J. V. Fontana, E. O. Dias and J. A. Miranda, Controlling and minimizing fingering instabilities
in non-Newtonian fluids, Phys. Rev. E 89 (1) (2014), 013016.
[10] J. Fernandez, R. Krechetnikov and G. M. Homsy, Experimental study of a surfactant-driven
fingering phenomenon in a Hele-Shaw cell, J. Fluid Mechanics 527(2005), 197-216.
[11] R. L. Fosdik and K. D. Rajakopal, Anomalous features in the model of second order fluids,
Arch. Rat. Mech. Anal. 70(1979), 145-152.
[12] S. B. Gorell and G. M. Homsy, A theory of the optimal policy of oil recovery by secondary
displacement process, SIAM J. Appl. Math. 43(1)(1983), 79.
21
[13] C. Guillope and J.C.Saut, Mathematical problems arising in differential models for viscoelastic
fluids, J.F. Rodrigues and A. Sequeira eds., Mathematical Topics in Fluid Mechanics, Long-
man, Halow, 1992, 64-92.
[14] H. Guo, D. Hong, D. A. Kurtze, Surface-tension-driven nonlinear instability in viscous fingers,
Phys. Rev. Lett. 69(1992), 1520-1523.
[15] H. Guo, D. Hong, D. A. Kurtze, Dynamics of viscous fingers and threshold instability, Phys.
Rev. E 51(1995), 4469-4478.
[16] H. S. Hele-Shaw, Investigations of the nature of surface resistence of water and of streamline
motion under certain experimental conditions, Inst. Naval Architects Transactions 40(1898),
21-46.
[17] R. Krechetnikov and G. M.Homsy, On a new surfactant-driven fingering phenomenon in a
Hele-Shaw cell, J. Fluid Mechanics 500(2004), 103-124.
[18] H. Lamb, Hydrodynamics, Cambridge University Press, Cambridge, 1933.
[19] Yu-Lin Lin, Perturbation theorems for Hele-Shaw flows and their applications, Ark. Mat. 49
(2011), 357382
[20] S. V. McCue and J. R. King,Contracting bubbles in Hele-Shaw cells with a power-law fluid,
Nonlinearity 24(2011), 613.
[21] L. M. Martyushev and A. I. Birzina, Morphological stability of an interface between two non-
Newtonian fluids moving in a Hele-Shaw cell, Phys. Rev. E 91(2015), 013004, Published 8
January 2015.
[22] J. A. Miranda and M. Widom, Weakly nonlinear investigation of the SaffmanTaylor problem
in a rectangular HeleShaw cell, Int. Journal of Modern Physics B 12(1998), 931-949.
[23] D. S. Miroshnichenko, Anisotropic second-order fluid, J. Mathematical Sciences 103(2001),
43-58.
[24] S. Mora and M.Manna, Saffman-Taylor instability for generalized Newtonian fluids, Phys. Rev.
E 80 (2009), 016308.
[25] S. Mora and M.Manna, Saffman-Taylor instability of viscoelastic fluids: From viscous fingering
to elastic instabilities, Journal of Non-Newtonian Fluid Mechanics 173 (2012), 30-39.
[26] J. Nase, A. Lindner, and C. Creton, On the respective roles of low surface tension and non-
Newtonian rheological properties in fractal fingering, Phys. Rev. Lett. 101 (2008), 02863.
22
[27] J. Nittman, G. Daccord and H. E. Stanley, Fractal growth viscous fingers: quantitative char-
acterization of a fluid instability phenomenon, Nature 314 (1985), 141–144.
[28] N. Qing and F. R. Tian, Singularities in HeleShaw flows, SIAM J. Appl. Math. 58 (1998),
3454.
[29] M. Renardy and Yuriko Renardy, On the nature of boundary conditions for flows with moving
free surfaces, J. Comput. Physics 93(1991), 325-335.
[30] J. E. Sader, D.Y. C. Chan and B. D. Hughes, Non-Newtonian effects on immiscible viscous
fingering in a radial Hele-Shaw cell, Phys. Rev. E 49(1994), 420.
[31] P. G. Saffman and G. I. Taylor, The penetration of a liquid into a porous medium of Hele-Shaw
cell containing a more viscous fluid, Proc. Roy. Soc. London A 245(1958), 312-329.
[32] W.R. Schowalter, Mechanics of Non-Newtonian Fluids, Pergamon Press, New York, 1978.
[33] C. Truesdell and W. Noll, The non-linear filed theories of mechanics, Encyclopedia of Physics
(ed. S. Fluggel) vol III/3, Springer Verlag, 1965.
[34] A. Vasiliev and I. Markina, On the geometry of HeleShaw flows with small surface tension,
Interfaces and Free Boundaries 5 (2003), 183192.
[35] S. D. R. Wilson, The Taylor-Saffman problem for a non-Newtonian liquid, J. Fluid Mech.
220(1990), 413-425.
[36] H. Zhao and J. V. Maher, Associating-polymer effects in a Hele-Shaw experiment, Phys. Rev.
E 47 (1993), 4278–4283.
23
